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Navier-Stokes equations

The equations governing the dynamics of incompressible fluids are:

Navier-Stokes equation

ρ

(
∂u

∂t
+ (∇u)u

)
− divµE(u) +∇p = ρb inΩ

div u = 0.

where E(u) = 1
2 (∇u +∇u>)

Cauchy stress tensor: σ = −∇pI + µE(u).
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Advection diffusion equation

Equazione differenziale completa

− div(K∇u) + β · ∇u + σu = f in Ω

u = 0 on ∂Ω

Weak problem

Find u ∈ H1
0 (a, b) such that

a(u, v) = F (v) ∀v ∈ H1
0 (Ω),

with

a(u, v) =

∫
Ω

(K∇u∇v + β∇uv + σuv) dx

F (v) =

∫
Ω
fv dx ∀v ∈ H1

0 (Ω)
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Finite element discretization

Given a regular triangulation Th, let np be the number of vertexes,
ne number of the elements. We set

X r
h = {v ∈ C 0(Ω) : v |K ∈ Pr (K ), ∀K ∈ Th}

Vh = {v ∈ X r
h : v = 0 on Ω}.

Discrete problem

Find uh ∈ Vh such that

a(uh, vh) = F (vh) ∀vh ∈ Vh.
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Let ϕi for i = 1, . . . ,N(h) be the basis functions of Vh. Then

uh(x) =

N(h)∑
i=1

ujϕj(x).

Taking vh = ϕi in the discrete equation we obtain

N(h)∑
j=1

uj a(ϕj , ϕi ) = F (ϕi ) i = 1, . . . ,N(h).

Hence we have to solve the linear system Au = F with

Aij =

∫
Ω

(K∇ϕj∇ϕi + β∇ϕjϕi + σϕjϕi ) dx

The matrix A is not symmetric anymore.
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Construction of the matrix

We use the following array provided by Matlab: p,t,e.

The function shape2D contains the analytical expression of the
basis functions on the reference element

shape2D(i,k,x,y)
i = 1, 2, 3,
k = 0 for the function,
k = 1 partial derivative with respect to x
k = 2 partial derivative with respect to y

T

T

FT

FT (x̂) = a + BT x̂
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We construct the matrix and the right hand side element by
element. For each element we compute a local matrix 3× 3 and a
local vector by transforming the integrals into integrals on the
reference element.
The change of variable in the derivatives gives:

∂ϕi

∂x
=
∂ϕ̂i

∂x̂

∂x̂

∂x
+
∂ϕ̂i

∂ŷ

∂ŷ

∂x
∂ϕi

∂y
=
∂ϕ̂i

∂x̂

∂x̂

∂y
+
∂ϕ̂i

∂ŷ

∂ŷ

∂y

and
∂x̂

∂x
,
∂ŷ

∂x
,
∂x̂

∂y
,
∂ŷ

∂y

are given by the element of the inverse of the Jacobian BT .
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Hence it holds:∫
T
∇ϕj∇ϕidx =

∫
T̂
∇x̂ ϕ̂

>
i B
−1
T B−>T ∇x̂ ϕ̂jJdx̂∫

T
β · ∇ϕjϕidx =

∫
T̂
β · B−>T ∇x̂ ϕ̂j ϕ̂iJdx̂∫

T
ϕjϕidx =

∫
T̂
ϕ̂j ϕ̂iJdx̂∫

T
f ϕidx =

∫
T̂
f (FT (x̂))ϕ̂iJdx̂
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