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Computational fluid dynamics

Navier-Stokes equations

The equations governing the dynamics of incompressible fluids are:

Navier-Stokes equation

QJ|

p (8_: + (Vu)u) — div u&(u) + Vp = pb inQ

divu = 0.

where E(u) = 2(Vu+ Vu')
Cauchy stress tensor: o = —Vpl + u&(u).
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Advection diffusion equation

Advection diffusion equation

Equazione differenziale completa

—div(KVu)+B8-Vu+ou="f in Q
u=20 on 0Q

Weak problem

Find u € H3(a, b) such that
a(u,v) = F(v) Vv e H}(Q),

with
a(u, v):/(KVqu—i-ﬁVuv—i-qu) dx
Q

F(v) :/vadx Vv € Hy(Q)
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Advection diffusion equation

Finite element discretization

Given a regular triangulation Tp, let np be the number of vertexes,
ne number of the elements. We set

XA:{ve Co(ﬁ) : V|K GIP’,(K), VK 6777}
Vp={veX:v=0onQ}.

Discrete problem

Find uy € V}, such that

a(uh, Vh) = F(Vh) Yvp € V.
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Advection diffusion equation

Let j for i =1,..., N(h) be the basis functions of V},. Then

N(h)

up(x) = Z ujp;(x).

i=1

Taking vy, = @; in the discrete equation we obtain

N(h)
Z uja(pj,pi) = F(pi) i=1,...,N(h).
j=1

Hence we have to solve the linear system Au = F with

Aj = /Q(KVSOJVSDI + BV pjpi + opjpi) dx

The matrix A is not symmetric anymore.
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Advection diffusion equation

Construction of the matrix

We use the following array provided by Matlab: p,t,e.
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Advection diffusion equation

Construction of the matrix

We use the following array provided by Matlab: p,t,e.

The function shape2D contains the analytical expression of the
basis functions on the reference element
shape2D(i,k,x,y)
i=1,2,3,
k = 0 for the function,
k =1 partial derivative with respect to x
k = 2 partial derivative with respect to y

=

-

Fr(X)=a+ Brx
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Advection diffusion equation

We construct the matrix and the right hand side element by
element. For each element we compute a local matrix 3 x 3 and a
local vector by transforming the integrals into integrals on the
reference element.

The change of variable in the derivatives gives:

dpi _ 0pi 0Kk n 9%i 0y
Ox ox Ox 0y Ox
Op; 09 0% 0p; 0y
dy 9% dy ' 0y Oy

and
0x 0y O0x @

ax’ 9x’ dy’ dy

are given by the element of the inverse of the Jacobian Br.
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Advection diffusion equation

Hence it holds:
fr VpiVpidx = /T V@] BT'B7 T VspJdx
[ 8- Vespid= [ 58770000k
T T

/@jﬁpidx—/@j@;Jdﬁ
T T

[ forae = [ r(Fr)gias
T T
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