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Overview of linear transport equation

Linear transport equation on R

Find c(x,t) : R x [0, T] — R such that

oc Jdc
5 tVa, =0 xR te(0.T]

c(x,0) =c(x) xeR.

Characteristic lines
For all xp € R, we consider the ordinary differential equation

dx
E(t) =v, te(0,T], x(0) = xo.

The curves x(t) are the characteristic lines of the transport
equation.

Exact solution ¢(x, t) = co(x — vt)
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Overview of linear transport equation

Inflow boundary

For v > 0 the characteristic lines propa-
gate from the left to the right.

inflow boundary x;, = 0.

v<0

N

v>0

A

For v < 0 the characteristic lines propa-
gate from the right to the left.
inflow boundary x;, = L.
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Overview of linear transport equation

Linear transport equation on bounded domains

Find c(x,t) : [0,L] x [0, T] — R such that

dc Jdc
E—FV&—O XE(O,L),tG(O,T]

c(x,0) = co(x) x€(0,1)
c(Xin, t) = c1(t) te (0, T].

Exact solution

(x, ) = co(x — vt) ifo<x—vt<lL
U= alt—x/v) if x—vt<Oorx—vt>L
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Finite difference schemes

The finite difference method

> time step At

» mesh size h (for bounded domains h = L/N)
> grid points (xj, t") = (jh, nAt)

> discrete solution ¢ & c(x;, t")

We set:
A= At/h

Xjt1/2 = Xj + h/2

Finite difference method

= = AHiap = Hilapo)

with Hﬂ|—1/2 = H(CJ-”, CJ”+1)
The function H(-,) is the numerical flux.

CFL condition

IAv| <1
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Finite difference schemes

Forward Euler/Centered — FE/C

1
Hjt12 = 5v(g+1+g)
Truncation error
T(At, h) = O(At + h?).

Stability
FE/C is stable, that is

T/2

l"llaz < e™2lIc%az

under the condition
At < (h/v)2.

FE/C is not strongly stable.
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Finite difference schemes

Lax-Friedrichs — LF

1 A
1
& = (o ) — SV — )

1 _
Hit1/2 = E(V(CJH +¢) =AY (g1 — g))
Truncation error

r(At, ) = O(At Ty Z—i)

If the CFL condition is satisfied, LF is strongly stable

a1 <" Haa

Ie”]
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Finite difference schemes

Lax-Wendroff — LW

2.2
a1l A“v

A
G = = Sl — gla) + (¢ — 2¢7 + L)

Hiy12 = %(V(Cjﬂ +6) = AW (g1 — )
Truncation error
(At h) = O(At2 R4 h2At).
Stability

Under the CFL condition, LW is strongly stable:
le™lae < le" Hlae:
Using the von Neumann analysis: if cJo =a(x) =D 4o

ikjh
oo k€™, then

> i . . 4 (hk
o = Z ake™hy with |y = 1 — 4X2v2sin* (7)(1 — A\,

k=—c0
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Finite difference schemes
Upwind — U

A A
1
¢t = - Ev(cf’ﬂ —cf )+ Elv\(cf’ﬂ —2¢ +¢4)

1
Hiv12 = §(V(Cj+1 +¢) = vl(gir1 — g))
Truncation error

T(At, h) = O(At + h).

Stability

If the CFL condition is satisfied, U is strongly stable

"Nag < [l Ha-

le
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Exercises

Function for solving linear transport equation

Input
P> a propagation rate;
> T space interval, T final time;
» u0, ul initial and inflow data;
» N number of subdivision of the interval [0, L];
> lambda A = At/h.

Output
P> x grid points;
> t time;
» u n-th row contains the values of c in (x, t").
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Exercises

Exercise 1

Consider the equation:

vvyyvyy

v

dc Oc

EJra_x:O x € (—2,3),t € (0,1.6]
1— <1
c(x,0) :{ 0 . ; IE

c(—2,t)=0 te€(0,1.6]

Solve the equation using LF with h = 0.1 and A = 0.8.
Compare the computed solution with the exact one.
Use smaller values for h and the same value for \.

Compute the solution for T = 0.8 with the same values of h
and A = 1.6.

Compute the solution with the other schemes and compare
the computed solutions.
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Exercises

Exercise 2

For values of x in the interval [-1,3] and t in [0, 2.4], solve the

transport equation
Oc Oc
— 0,

ot Tox
with the initial data

_f cos?(mx) x| <1/2
c(x,0) = { 0 otherwise

and the boundary data ¢(—1,t) = 0.
Use the four schemes for h =1/10, h =1/20, and h =1/40 as

follows

O Upwind with A =0.8

O FE/Cwith A =10.8

O LFwithA=08and A=1.6
Q LW with A=0.8

How does the error decrease as the mesh gets finer?
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Exercises

Exercise 3

For values of x in the interval [0,10] and t in [0, 10], solve the
transport equation

dc n dc 0
ot ox
with the initial data
_J sin(2rx) 0<x<1
c(x,0) = { 0 otherwise

and the boundary data ¢(0, t) = 0.
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